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Abstract
A classical theorem of John Thompson on character degrees states that if the degree of any complex
irreducible character of a finite group G is 1 or divisible by a prime p, then G has a normal p-complement.
In this paper, we consider fields of values of characters and prove some improvements of this result.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction
Much of the representation theory of finite groups is devoted to understand the degrees of
the complex irreducible representations. Many years ago, J. Thompson proved what is already
considered a classical theorem on character degrees: if the degree of any complex irreducible
character of a finite group G is 1 or divisible by a prime p, then G has a normal p-complement.
Several variations of this theorem can be found in the literature, including Brauer block versions.
In this paper, we consider fields of values of characters and come back to Thompson’s result
to improve it significantly. First, we state our main result for the prime p = 2. Let us adopt the
following convenient notation. If Q ⊆ K ⊆ C is a subfield, then IrrK(G) is the set of complex
irreducible characters χ ∈ Irr(G) with values in K.
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1122 G. Navarro, P.H. Tiep / Advances in Mathematics 224 (2010) 1121–1142Theorem A. Let G be a finite group. Then χ(1) is even for all non-linear χ ∈ IrrQ(G) if and
only if G has a normal 2-complement.
The proof of Theorem A is not elementary. It uses the Classification of Finite Simple Groups,
and it already implies a conjecture of R. Gow stating that every group of even order has a non-
trivial odd degree rational-valued irreducible character. In fact, the deepest part in Theorem A
and Theorem C below arises when character values of extensions of simple groups have to be
controlled. The recent conjectures on character degrees and Galois automorphisms [19] are mak-
ing this subject of the greatest interest, and several outstanding problems have already been
proposed. It is our belief that some of the techniques developed here will be further used.
We mention the following consequence of Gow’s conjecture which seems not have been no-
ticed up to now, and that we find fundamental.
Corollary B. Let G be a finite group and let K be the intersection of the kernels of the irreducible
rational-valued characters of G. Then K has a normal 2-complement.
Now we state our general version of Thompson’s theorem for all primes.
Theorem C. Let G be a finite group, let p be a prime, and let Qp be the field obtained by ad-
joining a primitive p-root of unity to Q. If χ(1) is divisible by p for all non-linear χ ∈ IrrQp (G),
then G has a normal p-complement.
Theorem C implies the main result of [22], which asserted that every finite group has a non-
trivial p′-degree irreducible character with values in Qp .
As happens with Theorem A, there is an exact characterization of the groups occurring in
Theorem C, which we shall give in Theorem 2.6 below.
We have already mentioned how difficult it is to control character values of extensions of sim-
ple groups, and this has been particularly true in several cases in the key Theorem 3.3. We should
thank F. Lübeck for helpful conversations on this subject. Special thanks are due to G. Malle
whose wonderful idea in the proof of Proposition 5.11 helped us close Theorem C for p = 3.
Part of this paper was done while both authors visited the MSRI. The authors are grateful to
the Institute for its hospitality, support, and stimulating environment.
2. Main results (assuming solvability)
Throughout this paper G is a finite group, Irr(G) is the set of complex irreducible characters
of G, and p is a prime. Our notation basically follows [12]. We recall that if N G and θ ∈
Irr(N), then Irr(G|θ) is the set of irreducible characters χ ∈ Irr(G) such that θ is a constituent
of the restriction character χN . If Q ⊆ K ⊆ C is any field and χ ∈ Irr(G), then K(χ) is the
smallest subfield of C containing K and the values of χ , while IrrK(G) is the set of the irreducible
characters χ ∈ Irr(G) with values in K. For brevity, we sometimes say a character χ of G is real,
respectively rational, if Q(χ) = Q, respectively if Q(χ) ⊆ R. Also, if n is a positive integer, then
Qn will denote the cyclotomic field obtained by adjoining to Q a complex primitive nth root of
unity. The determinantal order o(χ) of the character χ of G is the order of the linear character
det(Θ), where Θ is any representation affording χ . Finally, Op(G), respectively Ep(G), denotes
the smallest normal subgroup M of G such that G/M is a p-group, respectively an elementary
abelian p-group.
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Theorem 2.1. Suppose that N G, and let θ ∈ Irr(N) be real, of odd degree with o(θ) = 1. If T
is the stabilizer of θ in G, then θ has a unique real extension γ ∈ Irr(T ) such that o(γ ) = 1. In
fact, Q(γ ) = Q(θ). Hence χ = γG ∈ Irr(G) is an irreducible character of G over θ with values
in Q(θ).
Proof. The first part is [23, Theorem 2.3] applied in T . Since γN = θ , then Q(θ) ⊆ Q(γ ). Now,
if σ is any Galois automorphism of Q(γ )/Q(θ), then γ σ is a real extension of θ with o(γ σ ) = 1.
By uniqueness γ σ = γ and Q(γ ) = Q(θ). The second part follows from the Clifford correspon-
dence, and the formula for the values of the induced character. 
Now, we show how Corollary B follows from Theorem A.
Theorem 2.2. Let G be a finite group and let K be the intersection of the kernels of the irre-
ducible rational-valued characters of G. Then K has a normal 2-complement.
Proof. Let M = O2(K). We wish to show that M is a 2′-group. Now, let θ ∈ Irr(M) be rational
of odd degree. Because θ is real, it easily follows that the determinantal order o(θ) of θ divides 2.
Since O2(M) = M , it follows that the o(θ) = 1. By Theorem 2.1, there exists a rational-valued
χ ∈ Irr(G|θ). Hence θ = 1M , and it follows that every non-trivial rational-valued irreducible
character of M has even degree. Hence M has odd order by Theorem A. 
The deep part of Theorems A and C comes from the following solvability result.
Theorem 2.3. Let p be any prime, and let G be a finite group. If every χ ∈ IrrQp (G) is linear or
has degree divisible by p, then G is solvable.
In fact, if p = 3, we shall prove that if every χ ∈ IrrQ(G) is linear or has degree divisible
by p, then G is solvable. (For p = 3, this is not true as evidenced by the example of PSL2(27).)
Assuming Theorem 2.3, we now prove Theorems A and C above.
Theorem 2.4. Let G be a finite group and let p be a prime. Suppose that p divides χ(1) for all
non-linear χ ∈ IrrQp (G). Then G has a normal p-complement.
Proof. We argue by induction on |G|. Suppose that 1 <N is a minimal normal subgroup of G.
Then by the inductive hypothesis, we have that G/N has a normal p-complement K/N . Since
G is solvable by Theorem 2.3, we have that N is an abelian p-group, or an abelian p′-group. In
the latter case, K is a normal p-complement of G, and we are done. So we may assume that N
is a p-group, and let N  P ∈ Sylp(G).
Now, let λ ∈ Irr(P/Φ(P )). Let ν = λN , and let P  T be the stabilizer of ν in G. Then there is
a canonical extension νˆ ∈ Irr(T ∩K|ν) of ν to T ∩K by Corollary 6.28 of [12]. By uniqueness,
we have that Q(νˆ) = Q(ν) and that νˆ is P -invariant. Now, by Corollary 4.2 of [13], let η ∈
Irr(T |νˆ) be the unique character in Irr(T |νˆ) be such that ηP = λ. Then Q(λ) ⊆ Q(η). Next, if
τ ∈ Gal(Q(η)/Q(λ)), by the uniqueness in Corollary 4.2 of [13], we conclude that ητ = η. We
see that Q(η) = Q(λ) ⊆ Qp . Now, ηG ∈ Irr(G) has its values in Qp and has degree not divisible
by p. By hypothesis, we deduce that ηG is linear. Hence T = G and λ extends to G. Now,
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Ep(G) ∩ P  Ker(λ) for all λ ∈ Irr(P/Φ(P )), and we conclude that Ep(G) ∩ P  Φ(P ) =
Ep(P ). Thus Ep(G)∩P = Ep(P ). By Thompson’s theorem (Problem 6.20 of [12]), we deduce
that 1 = Op(P ) = Op(G)∩ P , and G has a normal p-complement. 
The following includes Theorem A of the introduction.
Theorem 2.5. Suppose that G is a finite group. Then the following are equivalent:
(a) G has a normal 2-complement.
(b) Every non-linear χ ∈ IrrR(G) has even degree.
(c) Every non-linear χ ∈ IrrQ(G) has even degree.
Proof. The fact that (a) and (b) are equivalent is elementary and constitutes Theorem A of [21].
Since it is clear that (b) implies (c), the proof of theorem is complete by Theorem 2.4. 
Now we analyze the structure of the groups in which all non-linear χ ∈ IrrQp (G) have degree
divisible by p, for any p. We use the Glauberman Correspondence (Chapter 13 of [12]), which
asserts that in the case where a p-group P acts on a p′-group K , there is a natural bijection
∗ : IrrP (K) → Irr
(
CK(P )
)
,
between the P -invariant irreducible characters of K and the irreducible characters of the fixed
point subgroup CK(P ). In fact, θ∗ is the unique irreducible constituent of θCK(P ) with multiplic-
ity not divisible by p. Then, it easily follows that Q(θ) = Q(θ∗).
Theorem 2.6. Let G be a finite group, let p be a prime, and let P ∈ Sylp(G). Then p divides χ(1)
for all χ ∈ Irr(G) non-linear with values in Qp if and only if G has a normal p-complement K ,
all characters in IrrQ(CK(P )) are linear and
E2(K)[K,P ] ∩ CK(P ) = E2
(
CK(P )
)
.
Proof. If p divides χ(1) for all χ ∈ Irr(G) non-linear with values in Qp , then we know that G
has a normal p-complement by Theorem 2.4. Hence, for proving both directions, we have that
G has a normal p-complement K . Write C = CK(P ).
First of all we claim that p divides χ(1) for all χ ∈ IrrQp (G) non-linear if and only if every
rational P -invariant character of K is linear. Suppose that p divides χ(1) for all χ ∈ IrrQp (G)
non-linear. If α ∈ Irr(K) is rational, and P -invariant, then the canonical extension αˆ ∈ Irr(G) is
rational with p′-degree. Hence, αˆ and α are linear. Conversely, assume that every rational P -
invariant character of K is linear, and let χ ∈ Irr(G) be non-linear with values in Qp . If p does
not divide χ(1), then χK = θ ∈ Irr(K) has values in Qp ∩ Q|K| = Q. Then θ is rational, and
hence χ(1) = θ(1) = 1.
Suppose now that every P -invariant rational character of K is linear. Let θ ∈ Irr(C) be
rational-valued. Let η ∈ IrrP (K) be the Glauberman correspondent of θ , and notice that
η is rational. We deduce that all characters IrrQ(C) are linear and extend to some ratio-
nal P -invariant linear character of K . This easily implies that restriction defines a bijection
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that
E2(K)[K,P ] ∩C = E2(C).
Finally, suppose that all characters in IrrQ(C) are linear and that E2(K)[K,P ] ∩ C = E2(C).
Let χ ∈ Irr(K) be a rational P -invariant character of K . We want to show that χ is linear. We
have that χ∗ ∈ Irr(C) is rational, and then χ∗(1) = 1. Hence χ∗ ∈ Irr(C/E2(C)). By hypothesis,
χ∗ extends to some P -invariant (linear) character μ of K . By uniqueness in the Glauberman
Correspondence, we have that χ = μ is linear and we are done. 
Of course, when p = 2, then the conditions on K in Theorem 2.6 above are automatically
satisfied, because K has odd order. In this case, Theorem 2.6 is simply Theorem A. For the
interested reader, we mention that the groups such that all its irreducible rational characters are
linear have been characterized in [20]. Also notice that C has a normal 2-complement either by
Theorem A (or by the much easier Theorem A of [20]).
3. Orbits of characters and the solvability of some groups
The key idea towards the proof of Theorem 2.3 is to find some convenient subsets of the
irreducible characters of the non-abelian simple groups.
Let p be a prime, and let K be a subfield of C. If S is a non-abelian finite simple group, then
we say that an Aut(S)-orbit X of Irr(S) satisfies () for (K,p) if
(i) every α ∈ X is non-linear of degree not divisible by p;
(ii) |X | is not divisible by p; and
(iii) every α ∈ X extends to a K-valued character ϑ of the inertia group IAut(S)(α).
We care about the orbits X satisfying () because of the following result.
Proposition 3.1. Let G be a finite group with a minimal normal subgroup N 	 Sn, where S is a
non-abelian finite simple group, and n is an integer. Let p be any prime and let K be a subfield
of C. If some Aut(S)-orbit X ⊆ Irr(S) satisfies () for (K,p), then there exists a non-linear
χ ∈ IrrK(G) of degree not divisible by p.
Proof. Since CG(N) ∩ N = 1, then modding out CG(N), we may assume that N  G 
Aut(N) = Aut(S) 
 Sn. Let us write N = {(x1, . . . , xn) | xi ∈ S} and define
Y = {α1 ⊗ · · · ⊗ αn ∈ Irr(N) | αi ∈ X },
where (α1 ⊗ · · · ⊗ αn)(x1, . . . , xn) =∏ni=1 αi(xi) as usual. Consider β = α ⊗ · · · ⊗ α for a fixed
character α ∈ X . Also consider a K-valued extension ϑ of α to J = IAut(S)(α). Then K = J 
 Sn
fixes β . On the other hand, |Aut(N) :K| = |Aut(S) :J |n = |X |n = |Y|, and obviously Aut(N)
acts transitively on Y . It follows that K is the inertia group IAut(N)(β).
Consider a CJ -module V affording the character ϑ . Then Jn acts on W = V⊗n, with char-
acter ϑ ⊗ · · · ⊗ ϑ , and the subgroup Sn of K permutes the n tensor factors of W . Thus W is
a tensor-induced module for K , with character say γ . Now the formula for the tensor-induced
character obtained in [7] implies that Q(γ ) ⊆ Q(ϑ) ⊆ K.
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some G-orbit, say of λ = α1 ⊗· · ·⊗αn ∈ Y , that has length coprime to p. As Aut(N) acts transi-
tively on Y , we can find some z ∈ Aut(N) such that λ = βz; in particular, I = IAut(N)(λ) = Kz.
It follows that Irr(I ) contains the K-valued character μ = γ z, with μ(1) = α(1)n and μN = λ.
Thus λ has an extension ν = μG∩I to its inertia group IG(λ) = G ∩ I , with Q(ν) ⊆ K and
ν(1) = α(1)n. Recall that |G : (G∩ I )| is coprime to p. It remains to set χ = νG. 
In what follows we will frequently use the following observation.
Remark 3.2. Assume that K is a subfield of R and let S be a non-abelian finite simple group.
Then an Aut(S)-orbit X of Irr(S) of p′-length satisfies () for (K,p) if some (and therefore
all) α ∈ X is non-linear of odd degree not divisible by p with Q(α) ⊆ K. Indeed, since S is
perfect, we have that o(α) = 1. Then, by Theorem 2.1, there is a character ϑ ∈ Irr(IAut(S)(α))
with Q(ϑ) = Q(α) ⊆ K and ϑS = α.
Our aim in the next sections will be to prove the existence of the orbits X satisfying () for
(Qp,p).
Theorem 3.3. Let p be any prime and let S be any non-abelian finite simple group. Then there
exists an Aut(S)-orbit X which satisfies () for (Qp,p).
We show how to derive Theorem 2.3 from Theorem 3.3.
Corollary 3.4. Let p be any prime and let G be any finite group. Assume that the degree of any
χ ∈ IrrQp (G) is one or divisible by p. Then G is solvable.
Proof. Arguing by induction on |G|, let N be a minimal normal subgroup of G. By induction,
we have that G/N is solvable. Hence we may assume that N is non-abelian and so N 	 Sn for
some non-abelian simple S. By Proposition 3.1 and Theorem 3.3, IrrQp (G) contains a non-linear
character χ with degree coprime to p, a contradiction. 
Hence, it suffices to prove Theorem 3.3 to obtain all the main results in this paper.
4. The orbit X for p = 2
First of all, let us settle the alternating groups, the sporadic groups and the Tits groups for all
primes. As we are about to see, it is not true that a simple group always has some non-trivial
α ∈ Irr(S) of p′-degree having a Qp-valued extension to Aut(S). The group S = A6 for p = 3 is
an example. This makes things harder.
Lemma 4.1. Let p be any prime. Let S be the Tits group, a sporadic group, or an alternating
simple group An. If n = 6 assume further that p = 3. Then there is a non-trivial χ ∈ IrrQ(S)
of p′-degree having a rational extension to Aut(S). Hence, X = {χ} satisfies () with respect
to (Q,p). If S = A6 and p = 3, then there exists an Aut(S)-orbit X ⊆ Irr(S) consisting of two
characters and satisfying () for (Q,3).
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By Lemma (9.3) of [22], if n 7, then Sn has two rational irreducible rational characters which
restrict irreducibly to An and have coprime degrees > 1. The group S = A6 has an Aut(S)-
invariant rational character of degree 9, which therefore extends to a rational character of Aut(S).
For p = 3, we take X to be the Aut(S)-orbit consisting of the two irreducible characters of
degree 5. 
Let us now prove Theorem 3.3 for p = 2.
Theorem 4.2. Let S be a finite non-abelian simple group. Then there is an Aut(S)-orbit X of
Irr(S) such that
(i) every α ∈ X is non-trivial, rational-valued, of odd degree; and
(ii) either |X | = 1, or S = PSL3(q), 2|q , 3|(q − ) and |X | = 3.
Proof. (a) The case where S is a sporadic group, 2F4(2)′ or alternating has been proved in
Lemma 4.1. If S is a group of Lie type in odd characteristic, then by [5] it is enough to take X to
be consisting of the Steinberg character.
So we will assume that S is a group of Lie type in characteristic 2 and that S 	 2F4(2)′.
We will use Lusztig’s classification of the irreducible characters of finite groups of Lie type (see
[18,1,3]). We will work with the usual set-up: G is a simple simply connected algebraic group
in characteristic 2, F a Frobenius map on G, G = GF , and S = G/Z(G). Furthermore, the pair
(G∗,F ∗) is dual to (G,F ), and G∗ = (G∗)F ∗ . As in [14] and [22] (see also [24]), it suffices to
find a rational element s (of order 3 or 5) of [G∗,G∗] such that its conjugacy class [s] in G∗ is
Aut(G∗)-invariant, and CG∗(s) is connected. In such a situation, X consists of the semisimple
character χs .
(b) Assume that G = G2(q), 3D4(q), E7(q), E8(q), Cn(q) with n > 2, Dn(q) or 2Dn(q) with
n 4. In all these cases, G∗ contains a rational element s of order 3 inside a subgroup SL2(2) <
SL2(q), whose elements are invariant under field and graph automorphisms of G∗. Since π1(G∗)
is a 2-group, CG∗(s) is connected. Also, G∗/[G∗,G∗] is a 2-group, so s ∈ [G∗,G∗].
Next assume that G is of type F4 or B2 	 C2. Since G is defined in characteristic 2, it has an
endomorphism τ such that τ 2 is just the field automorphism sending any field element x to x2.
Taking F = τ 2n, we get G = F4(q) or B2(q) with q = 2n, G 	 G∗, and Out(G∗) is generated
by τ restricted to G∗. Taking F = τ 2n+1, we get G = 2F4(22a+1) or 2B2(22a+1), G 	 G∗, and
Out(G∗) is generated by τ restricted to G∗; cf. [8, Theorem 2.5.12]. In any of these cases, we
can choose s to be τ -invariant, rational of order 5 inside 2F4(2) or 2B2(2).
Consider the case G = E6(q) or 2E6(q). Then choose a rational element s of order 5 inside
a subgroup F4(2) which is invariant under field (and graph) automorphisms. Since |s| = 5 is
coprime to |π1(G∗)| = 3, CG∗(s) is connected.
(c) It remains to consider the case G = SLn(F) with n 2. First we assume that n = 2 or n 4,
and G = SUn(q). Then we may choose s rational of order 3 in a subgroup SL2(2), whose ele-
ments are invariant under field automorphisms of G∗. If n 4 and G = SLn(q), then we choose
s rational of order 3 in a subgroup SL4(2), whose elements are invariant under field automor-
phisms of G∗; and furthermore in such a way that s is centralized by τ , a graph automorphism
of SL4(2) induced by a graph automorphism of G∗. In either case, the element s can be chosen
with an inverse image s1 having eigenvalues ω, ω−1, and 1 (with multiplicity 0 or n− 2) on the
n-dimensional natural module for G, where ω ∈ F4 has order 3. Since 0 and n − 2 are different
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s ∈ [G∗,G∗], and we are also done in this case.
Finally, assume n = 3. Then we view G as the dual group for G∗, and view G = SL3(q) (with
 = + for SL and  = − for SU) as the dual group for G∗ = PGL3(q). It is easy to see that G has
a unique conjugacy class of elements s of order 3. Such an element is rational and has connected
centralizer in G. It follows that the corresponding semisimple character ρ of G∗ is rational, of
odd degree, and invariant under all field and graph automorphisms of G∗. If 3  |(q − ), then
S 	 G 	 G∗, and so we are done. Assume 3|(q − ). Then S is embedded as a normal subgroup
of index 3 in G∗, and it is shown in [22] that ρS is the sum of three irreducible constituents, all
rational-valued. In this final case, take X to be the set of these three characters. 
5. The orbit X for p > 2
Throughout this section, p > 2 is a prime and q = pf .
5.1. Preliminaries
To find the orbit X satisfying (), we will exploit various techniques, one of which is based
on the following simple idea.
Lemma 5.1. Suppose that G  A. Let ρ be a character of A not necessarily irreducible,
with Q(ρ) ⊆ K. Assume that ρG contains an A-invariant irreducible constituent α such that
[α,ρG] = 1 and Q(α) ⊆ K. Then there is χ ∈ Irr(A) such that Q(χ) ⊆ K and χG = α.
Proof. Since [ρG,α] = 1, it follows that there is a unique irreducible constituent χ of ρ lying
over α. Furthermore, [ρ,χ] = 1 and [χG,α] = 1. Since α is A-invariant, it follows that χG = α.
By hypothesis, we have that ρ and α are fixed by any Galois automorphism σ of K()/K, where
 is a primitive |A|-root of unity. It follows that χσ is also an irreducible constituent of ρ lying
over α. Hence χσ = χ . Thus Q(χ) ⊆ K. 
The next two examples handle several series of finite simple groups of Lie type.
Example 5.2. Let S be a finite simple group of Lie type in characteristic  = p, not isomorphic
to 2F4(2)′. Then the Steinberg character St of S is rational, and extends to a rational character of
Aut(S) by the main result of [5], and so X = {St} satisfies () for (Q,p).
Example 5.3. (a) Let S be a simple exceptional group of Lie type in characteristic p. Then we
may view S = L/Z(L), where L is the fixed point subgroup for some Frobenius map F on
some simple simply connected algebraic group G in characteristic p. Thus L is G2(q), 2G2(q),
3D4(q), F4(q), E6(q), 2E6(q), E7(q), or E8(q). Let the pair (G∗,F ∗) be dual to (G,F ) and
denote L∗ = (G∗)F ∗ . As is recorded in [8, Table 4.5.1], see also [14], L∗ contains an involu-
tion s, such that CG∗(s) is connected, CL(s) is of type A1(q)2, A1(q), A1(q)A1(q3), B4(q),
T1(q)D5(q), T1(q) 2D5(q), A1(q)D6(q), or D8(q), respectively. Moreover, s ∈ [L∗,L∗], the
L∗-conjugacy class [s] of s is Aut(L∗)-invariant, and s is 2-central (i.e. |L∗ : CL∗(s)| is odd). As
in [14] and [22] (see also [24]), this implies that the semisimple character α labeled by [s] in the
Lusztig’s classification of irreducible characters of L is irreducible, Q-valued, trivial at Z(L),
Aut(S)-invariant, and of degree |L∗ : CL∗(s)|p′ which is coprime to 2p. Thus we may view α as
an S-character of odd degree. Hence X = {α} satisfies () for (Q,p) by Remark 3.2.
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if we wish). Choose  = ±1 such that qn ≡ (mod 4). Then S has exactly two (irreducible)
Weil characters α1 and α2 of odd degree (qn + )/2 (see e.g. [26]). In particular, Aut(S) acts on
{α1, α2}. Choose α = α1 and let X be the Aut(S)-orbit of α, so that |X | = 1 or 2. Also, let I =
IAut(S)(α). If f is even, then Q(α) = Q (see e.g. [9]), and so X satisfies () for (Q,p). Assume
that f is odd. We claim that X satisfies () for (Qp,p). Then Q(α) ⊆ Qp , see again [9]. Also, the
outer diagonal automorphism of S fuses α1 and α2, whence X = {α1, α2}. Since |Out(S)| = 2f ,
we see that I is just S extended by field automorphisms. In particular, I can be embedded in
H = PSp2nf (p). Again, H has two Weil characters γ , δ of degree (p2nf + )/2 = α(1) and
Q(γ ) = Q(δ) ⊆ Qp . We may assume that γS = α. It follows that α extends to γI ∈ IrrQp (I ).
(c) Let S = PSLn(q) with n  3 odd and (n, q, ) = (3,2,−). By the results of [26], L =
SLn(q) has exactly q −  (irreducible) Weil characters, labeled as τi , 0 i  q − −1, of degree
(qn − n−1q)/(q − ) if i = 0 and (qn − n)/(q − ) if i > 0, and no other irreducible characters
of these degrees. In fact, τi extends to an irreducible G-representation with a generator z of
Z(G) acting as the multiplication by ϑi for some primitive (q − )-root ϑ of unity in C, where
G = GLn(q). It follows that Ker(τj ) Z(L) for j = (q − )/2. Moreover, since τ i = τ(q−)−i
for i > 0, τj is the unique real, hence rational and Aut(S)-invariant, irreducible character of
degree (qn − n)/(q − ) of S. As n is odd, we see that τj (1) is odd, and so X = {τj } satisfies
() for (Q,p).
5.2. Linear groups
The remaining simple classical groups in characteristic p require much more efforts to find X
with desired properties. In general, it is a very difficult problem to control the character values
of a given irreducible character of a (simple) finite group of Lie type S when it is extended to
a subgroup R of Aut(S). There is in particular an important conjecture of Gow concerning the
case of unipotent characters of S ∈ {PSLn(q),PSUn(q)} when R contains the transpose-inverse
automorphism of S, which has been proved only very recently by Waldspurger for PSLn(q) with
q > n, cf. [28].
In the subsequent treatment of PSLn(q), it is convenient to adopt the labeling of irreducible
CGLn(q)-modules as given in [15], which uses Harish-Chandra induction ◦. Each such a module
is labeled as S(s1, λ1) ◦ · · · ◦ S(sm,λm), where si ∈ F×q has degree di (over Fq ), λi is a partition
of ki , and
∑m
i=1 kidi = n, cf. [15,16]. As above, q = pf .
Lemma 5.4. Let B = GL2(q) and α ∈ Irr(B) be of form S(s, (1)) ◦ S(s−1, (1)) for some s of
order 4 and degree 1, or S(t, (1)) for some t of degree 2 and order 4. Then α is rational and
invariant under any field automorphism of B .
Proof. Direct computation using [15]. 
Proposition 5.5. If S = PSLn(q) with q = pf and n  4, then IrrQ(S) contains a subset X of
cardinality 1 that satisfies () for (Q,p).
Proof. (a) We view S as L/Z(L), where L = SLn(q)G = GLn(q). Consider the natural mod-
ule 〈e1, . . . en〉Fq for G, the subgroup
T = StabG
(〈e1〉Fq , 〈e2, . . . , en〉Fq )	 GL1(q)× GLn−1(q),
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(q − 1). Since T > Z(G), then ρn can be viewed as a character of G¯ = PGLn(q). Recall that
A = Aut(PSLn(q)) is a semidirect product G¯.F , where F = Cf × C2 is generated by a field
automorphism σ and the transpose-inverse τ . We can define σ and τ such that they stabilize T .
It follows that ρn extends to the rational A-character (1T¯ .F )A, where T¯ = Z(G)T /Z(G).
(b) If λ  n, then let χλ denote the unipotent character of G labeled by λ, cf. [1]. We claim
that if n 2 then ρn has the following decomposition into irreducible constituents:
ρn = χ(n) + 2χ(n−1,1) + χ(n−2,12) + S
(−1, (12)) ◦ S(1, (n− 2))
+
∑
a∈F×q , a =±1
S
(
s, (1)
) ◦ S(s−1, (1)) ◦ S(1, (n− 2))
+
∑
b∈F×
q2
, bq+1=1, b =±1
S
(
b, (1)
) ◦ S(1, (n− 2)). (1)
First we consider the case n = 2. For g ∈ G, it is clear that ρ2(g) = 0, unless g is conjugate
to diag(x, y) for some x, y ∈ F×q , in which case ρ2(g) = q(q + 1) if x = y and ρ2(g) = 2 if
x = y. Computing the scalar product of ρ2 with various irreducible characters, we obtain the
decomposition (1) (note that χ(n−2,12) does not occur here).
Now we assume n  3 and consider for j = 1,2 the parabolic subgroups Pj = StabG ×
(〈e1, . . . , ej 〉Fq ), and P3 = P1 ∩ P2. Clearly, 1G = χ(n) enters ρn once. Next, [ρn, (1P1)G] =
|T \G/P1| = 3 and (1P1)G = χ(n) + χ(n−1,1), whence [ρ,χ(n−1,1)] = 2. Similarly, [ρn, (1P2)G]= |T \G/P2| = 3 and (1P2)G = χ(n) + χ(n−1,1) + χ(n−2,2), whence [ρn,χ(n−2,2)] = 0. Further-
more, [ρn, (1P3)G] = |T \G/P3| = 6, and
(1P3)
G = S(1, (1)) ◦ S(1, (1)) ◦ S(1, (n− 2))= χ(n) + 2χ(n−1,1) + χ(n−2,2) + χ(n−2,12)
by [10, Lemma 5.1]. It follows that χ(n−2,12) enters ρn once.
Clearly, P2 has Levi subgroup GL2(q) × GLn−2(q). Let α ∈ Irr(GL2(q)) be any irreducible
constituent of the character ρ2, different from χ(2) and χ(1,1), and consider the Harish-Chandra
induced character β = α ◦ S(1, (n − 2)). Then β = λG, where λ is trivial on Op(P2) and equal
α ⊗ S(1, (n− 2)) on GL2(q)× GLn−2(q); also β ∈ Irr(G). Now
[ρn,β] =
[
(1T )G,λG
]
 [1P2∩T , λP2∩T ].
Here, P2 ∩ T = Q.M , where Q = Op(P2 ∩ T ) = Op(P2) and M 	 GL1(q) × GL1(q) ×
GLn−2(q). As mentioned above, Ker(λ2) contains Q and the subgroup GLn−2(q) = StabG ×
(e1, e2, 〈e3, . . . , en〉Fq ) of M , and λ equals α on restriction to GL1(q)× GL1(q). Hence,
[1P2∩T , λP2∩T ] = [1GL1(q)×GL1(q), αGL1(q)×GL1(q)] = [ρ2, α] = 1.
We have shown that β also enters ρn. Comparing the degrees, we arrive at the decomposition (1).
(c) From now on we assume n 4 and recall that q is odd. Now if q ≡ 1(mod 4), we can find
s ∈ F×q of degree 1 and order 4, and set γ = S(s, (1)) ◦ S(s−1, (1)) ◦ S(1, (n − 2)) (of degree
(qn −1)(qn−1 −1)/(q−1)2) and α = S(s, (1))◦S(s−1, (1)). If q ≡ 3(mod 4), choose t ∈ F×2 ofq
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and α = S(t, (1)). Then the decomposition (1) implies that γ is an irreducible constituent with
multiplicity one of ρn. Also, γ can be obtained by Harish-Chandra inducing the character α ⊗
S(1, (n− 2)) of an F -invariant Levi subgroup GL2(q)× GLn−2(q). By Lemma 5.4, α is rational
and σ -invariant, whence so is γ . Next, τ sends γ to S(s−1, (1)) ◦ S(s, (1)) ◦ S(1, (n − 2)),
respectively S(t−1, (1)) ◦ S(1, (n − 2)), cf. [15, (7.33)]. Since the Harish-Chandra induction is
commutative and t−1 and t have the same minimal polynomial over Fq , γ is τ -invariant. Thus
γ is A-invariant. Applying Lemma 5.1, we conclude that γ extends to a rational A-character.
Finally, the condition n 4 and the choice of γ ensure that γ ⊗S(c, (n)) = γ for any 1 = c ∈ F×q ,
which in turn implies that γS is irreducible, cf. [16, Lemmas 3.2, 4.1]. Consequently, we can
choose X = {γ }. 
5.3. Unitary groups
Next we handle the case of PSUn(q) with n 4. A convenient framework is provided by the
concept of dual pairs introduced by work of R. Howe and others, and relied on the following
well-known formula:
Lemma 5.6. Let ω be a character of the direct product X × G of finite groups X and G. Then
for any s ∈ X and g ∈ G,
ω(sg) =
∑
α∈Irr(X)
α(s) ·Dα(g),
where
Dα(g) = 1|S|
∑
x∈X
α(x)ω(xg).
Proof. See [17]. 
We consider the dual pair X × G inside GU2n(q), where X = GU2(q) and G ∈ {SUn(q),
GUn(q)}, and the reducible Weil character of degree q2n of GU2n(q)
ω(g) = ζ2n(g) = (−q)dimFq2 Ker(g−1), (2)
where Ker(g − 1) is the fixed point subspace of g on the natural GU2n(q)-module F2nq2 , cf. [27].
The following two basic results concerning this dual pair are proved in [17].
Theorem 5.7. Assume that X = GU2(q), q any prime power, and G = GUn(q) with n  4 or
G = SUn(q) with n 5. Then the restriction ζ2n|X×G decomposes as ∑α∈Irr(X) α ⊗ Dα , where
kα ∈ {0,1}, and D◦α = Dα − kα · 1G are all irreducible and distinct characters of G of degree
> 1. Furthermore, kα = 1 precisely when α = 1X or α is the Steinberg character St of X.
Proof. See [17]. 
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Also, consider the irreducible constituents D◦α of ζ8|G as in Theorem 5.7. Then all D◦α restrict
irreducibly to S, except when q is odd and α is the unique character α0 of X of degree 1 and
order 2, in which case (D◦α)S is a sum of two distinct irreducible characters of degree (q2 + 1)×
(q2 − q + 1)/2. Furthermore, if (D◦α)S = (D◦β)S for some α = β ∈ Irr(X), then α = β and
α(1) = 1.
Proof. See [17]. 
Using Theorem 5.7 we prove the following statement which has its own interest. (In fact, this
statement also holds true for q = 2 and n 5; but we formulate it now only for q  3 to avoid
some technical identification of irreducible characters of X.)
Lemma 5.9. Let q  3, G = GUn(q), and let H 	 GUn−1(q) be the stabilizer in G of a non-
singular vector in the natural module Fn
q2
. Assume in addition that either n  5, or n = 4 and
q  4. Then
(1H )G = 1G +
∑
α∈Irr(X), α(1)>1
D◦α.
Proof. It is clear that 1G enters ρ = (1H )G once. Note that μ = (ζ2n)G is just the permutation
character of G on the set of points of the natural module V = Fn
q2
. On the other hand, for any
λ ∈ F×q , ρ equals the permutation character of G on the set of vectors of V of norm λ. Hence μ−
(q − 1)ρ is a G-character. Now, by Theorem 5.7 we can write ρ = 1G +∑α∈Irr(X) mαD◦α , where
mα ∈ Z, and 0  (q − 1)mα  [D◦α,μ] = α(1). Note that α(1) ∈ {1, q − 1, q, q + 1}. Assume
q  4. Since α(1)/(q − 1)  (q + 1)/(q − 1) < 2, we must have mα ∈ {0,1} and moreover
mα = 0 if α(1) = 1. One can check that 1 + ∑α∈Irr(X), α(1)>1 D◦α(1) = ρ(1). It follows that
ρ = 1G +∑α∈Irr(X), α(1)>1 D◦α .
Next assume that n 5 (and q = 3 if we wish). Fix the standard embedding h → diag(1, h)
of H into G. Then for any x ∈ X and any h ∈ H , the formula (2) implies that ζ2n(xh) =
ζ2(x)ζ2n−2(xh). Since n − 1  4, we can apply Theorem 5.7 to the dual pair X × H to obtain
the decomposition
(ζ2n−2)X×H =
∑
α∈Irr(X)
α ⊗Eα
where we have used Eα to denote the H -character that plays the role of Dα in ζ2n−2. It follows
that
(ζ2n)X×H =
∑
α∈Irr(X)
(ζ2α)⊗Eα =
∑
α∈Irr(X)
( ∑
β∈Irr(X)
[ζ2α,β]β
)
⊗Eα
=
∑
β∈Irr(X)
β ⊗
( ∑
α∈Irr(X)
[ζ2α,β]Eα
)
.
But obviously (ζ2n)X×H =∑ β ⊗ (Dβ)H . Henceβ∈Irr(X)
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∑
α∈Irr(X)
[ζ2α,β]Eα,
[
(Dβ)H ,1H
]= ∑
α∈Irr(X)
[ζ2α,β] · [Eα,1H ].
By Theorem 5.7 applied to H , [Eα,1H ] equals 1 if α ∈ {1X,St} and 0 otherwise, whence
[(Dβ)H ,1H ] = [ζ2(1X + St), β]. Direct computation shows that ζ2(1X + St) = 1 + St +∑
α∈Irr(X), α(1)>1 α. On the other hand, by Theorem 5.7 applied to G, Dβ = 1G + D◦β if
β ∈ {1X,St} and Dβ = D◦β otherwise. It follows that [(D◦β)H ,1H ] equals 1 if β ∈ Irr(X) has
degree > 1, and 0 otherwise. Since for any α ∈ Irr(X) we have mα = [D◦α,ρ] = [(D◦α)H ,1H ],
we are done. 
Proposition 5.10. If S = PSUn(q) with q = pf and n 4, then IrrQ(S) contains a subset X of
cardinality 1 that satisfies () for (Q,p).
Proof. If (n, q) = (4,3), then Aut(S) = S.D8 has a rational character χ of degree 140 which re-
stricts irreducibly to S, cf. [6], so we can choose X = {χ}. Assume that (n, q) = (4,3). Then we
can apply Lemma 5.9 and consider the character ρ = (1H )G. Notice that one can choose H to be
invariant under σ , the field automorphism of order 2f of SUn(q), where q = pf . It follows that ρ
extends to the rational A-character (1H.〈σ 〉)A, where A = G.〈σ 〉. We can define a compatible ac-
tion of σ on X = GU2(q). One can check that IrrQ(X) contains a character α of degree q − 
(for some  = ±), which is σ -invariant and trivial at Z(X). By Theorem 5.7 and Lemma 5.8,
Dα = D◦α is irreducible over SUn(q), of degree (qn− (−1)n)(qn−1 + (−1)n)/(q+1)(q+), and
it enters ρ with multiplicity one. Since both α and ζ2n are rational and σ -invariant, Lemma 5.6
implies that Dα is rational and σ -invariant. Also, the dual pair X×G in fact maps X×G onto the
subgroup GU2(q) ⊗ GUn(q) of GU2n(q). Now, the α-homogeneous component of (ζ2n)X , on
which Z(X) acts trivially, affords the G-character α(1)Dα . It follows that Z(G) also acts trivially
on this homogeneous component, i.e. Ker(Dα) Z(G). By Lemma 5.1 applied to ρ, Dα extends
to a rational character of A, which is also trivial at Z(G). Observe that A/Z(G) 	 Aut(S). Thus
we may choose X = {(Dα)S}. 
5.4. Orthogonal groups
First we handle the simple groups of type D4.
Proposition 5.11. Let S = PΩ+8 (q) with q = pf . Then IrrQ(S) has a subset X of cardinality 4
that satisfies () for (Q,p).
Proof. Recall [8, Theorem 2.5.12] that Out(S) is a split extension of S4 by Cf . Let H,G 
Aut(S) be such that C22 	 H/S  G/S 	 S4. Then H is the (finite) adjoint group of type D4
over Fq , and S = L/Z(L), where L is the (finite) simply connected group of type D4 over Fq . All
the degrees of irreducible characters of H and L have been computed by F. Lübeck. In particular,
it turns out that H has a unique character ρ of degree D = (q4 + q2 + 1)(q2 + 1)2. Consider
any irreducible constituent α of ρS . Then α(1)|D and D/4 divides α(1). Inspecting the list of all
degrees of irreducible characters of L, we see that α(1) = D/4 and furthermore L has exactly
four irreducible characters αi , 1 i  4, of degree D/4. It follows that Ker(αi) Z(L), whence
the αi can be viewed as S-characters, and ρS =∑4i=1 αi . By Clifford’s theorem, H/S = C22 acts
transitively on X = {α1, . . . , α4}, and X is Aut(S)-invariant. Consider any element τ ∈ G/S of
order 3. Observe that τ acts as a 3-cycle on X . (Otherwise τ acts trivially on X , and so does every
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the A4-subgroup of G/S which contains H/S, and so H/S acts trivially on X , a contradiction.)
Without loss we may assume that τ fixes α1 and permutes α2, α3, α4 cyclically. Now consider any
Galois automorphism σ of Q(α1). Then ασ1 ∈ Irr(S) has degree D/4 and so it must be some αj .
But clearly τ also fixes ασ1 . It follows that j = 1. Thus α1 is fixed by all σ ∈ GalQ(Q(α1)) and
so α1 is rational. Since H acts transitively on X , we see that X ⊂ IrrQ(S). Finally, observe that
αi(1) = D/4 is odd, so we are done by Remark 3.2. 
Let X = Sp2(q). We will use the labeling of [4] for the irreducible characters of X: 1X , St of
degree q , Weil characters η1,2 of degree (q − 1)/2 and ξ1,2 of degree (q + 1)/2, θj of degree
q − 1, 1 j  (q − 1)/2, and χi of degree q + 1, 1 i  (q − 3)/2. Set δ = (−1)(q−1)/2 and
fix a unipotent element 1 = c ∈ X. Then the Weil characters can be labeled in such a way that
(ξ1 + η1)(c) = √δq . Now it is straightforward to check that
(ξ1 + η1)(ξ1 + ξ2) = 1X + 2 · St + ξ1 + η1 +
(q−3)/2∑
i=1
χi +
(q−1)/2∑
i=1
θj ,
(ξ1 + η1)(1 + St) = St + 2ξ1 + ξ2 + η1 +
(q−3)/2∑
i=1
χi +
(q−1)/2∑
i=1
θj . (3)
We will consider the dual pair X × G˜ inside Γ = Sp2n(q), where X = Sp2(q), G˜ = GOn(q),
 = ± if n = 2m and is void if n = 2m+1, and ω = ωn is one of the two reducible Weil characters
of Sp2n(q), of degree qn, labeled in such a way that
ω1 = ξ1 + η1, (ωn)Sp2n−2(q)×Sp2(q) = ωn−1 ⊗ω1, (4)
cf. [27, Proposition 2.2]. More precisely, we view X as Sp(U), where U = 〈e, f 〉Fq is endowed
with the symplectic form (·,·), with Gram matrix ( 0 1−1 0) in the basis (e, f ). Choose γ ∈ F×q2 ,
with γ = 1 if n = 2m + 1. Next, GOn(q) is meant to be GO(W), where W = 〈v1, . . . , vn〉Fq
is endowed with the orthogonal form (·,·), with Gram matrix diag(1,1, . . . ,1, γ ) in the basis
(v1, . . . , vn). Notice that  = γ (q−1)/2δm if n = 2m. Now we consider V = U ⊗ W with the
symplectic form (·,·) defined via (u⊗w,u′ ⊗w′) = (u,u′) · (w,w′) for u ∈ U and w ∈ W . The
action of S × G˜ on V induces a homomorphism S × G˜ → Γ = Sp(V ).
The following basic result is proved in [17].
Theorem 5.12. Assume that G˜ = GOn(q) and X = Sp2(q), where n  6, and q = pf . Then
the restriction ωn|X×G decomposes as ∑α∈Irr(X) α ⊗ Dα , where kα ∈ {0,1}, and the characters
D◦α = Dα − kα · 1G are all irreducible and distinct. Furthermore, kα = 1 if and only if one of the
following holds:
(i) n is odd, and α ∈ {ξ1, ξ2};
(ii) n is even, and α ∈ {1X,St}.
Moreover, each D◦ is irreducible over the perfect subgroup Ωn(q) of G˜.α
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For brevity, we will also denote the restriction of D◦α to G = SO(W) by D◦α . Observe that
D◦α(1) =
⎧⎪⎨
⎪⎩
(q2m − 1)/(q2 − 1), if n = 2m+ 1 and α = 1X,
(qm − )(qm−1 + )/2(q − 1), if n = 2m and α = ξ1,2,
(qm − )(qm−1 − )/2(q + 1), if n = 2m and α = η1,2.
Now we use Theorem 5.12 to prove the following statement.
Lemma 5.13. Let q = pf , n 7, G = SOn(q) = SO(W), and let H 	 SOn−1(q) be the stabilizer
in G of the vector v1 of norm 1 in the natural module W = Fnq . Then
(1H )G = 1G +D◦St +D◦ξ1 +D◦η1 +
(q−3)/2∑
i=1
D◦χi +
(q−1)/2∑
i=1
D◦θj .
Proof. It is clear that 1G enters ρ = (1H )G once. Note that the symplectic form on V = U ⊗W
has the Gram matrix
( 0 In
−In 0
)
in the basis
(
e ⊗ v1, e ⊗ v2, . . . , e ⊗ vn,f ⊗ v1, f ⊗ v2, . . . , f ⊗ vn−1, f ⊗ γ−1vn
)
.
Furthermore, the image of G in Γ preserves the two maximal totally isotropic subspaces V1 =
〈e ⊗ v1, . . . , e ⊗ vn〉Fq and 〈f ⊗ v1, . . . , f ⊗ vn−1, f ⊗ γ−1vn〉Fq ; in other words, this image
is contained in the subgroup SLn(q) of the Levi subgroup GLn(q) of the parabolic subgroup
StabΓ (V1). It follows (cf. [9, (13.3)]) that μ = (ωn)G is just the permutation character of G on
the set of points of the natural module W . On the other hand, for any nonzero square λ ∈ F×q ,
ρ equals the permutation character of G on the set of vectors of V of norm λ. Hence μ− q−12 ·ρ
is a G-character. Now, by Theorem 5.7 we can write ρ = 1G +∑α∈Irr(X) mαD◦α , where mα ∈ Z.
Fix the standard embedding h → diag(1, h) of H into G. Then for any x ∈ X and any h ∈ H ,
the formula (4) implies that ωn(xh) = ω1(x)ωn−1(xh). Since n − 1  6, we can apply Theo-
rem 5.12 to the dual pair X ×H to obtain the decomposition
(ωn−1)X×H =
∑
α∈Irr(X)
α ⊗Eα
where we have used Eα to denote the H -character that plays the role of Dα in ωn−1. It follows
that
(ωn)X×H =
∑
α∈Irr(X)
(ω1α)⊗Eα =
∑
α∈Irr(X)
( ∑
β∈Irr(X)
[ω1α,β]β
)
⊗Eα
=
∑
β ⊗
( ∑
[ω1α,β]Eα
)
.β∈Irr(X) α∈Irr(X)
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(Dβ)H =
∑
α∈Irr(X)
[ω1α,β]Eα,
[
(Dβ)H ,1H
]= ∑
α∈Irr(X)
[ω1α,β] · [Eα,1H ].
Assume n is even. By Theorem 5.12 applied to H , [Eα,1H ] equals 1 if α ∈ {ξ1, ξ2} and 0
otherwise, whence [(Dβ)H ,1H ] = [ω1(ξ1 + ξ2), β]. On the other hand, by Theorem 5.12 applied
to G, Dβ = 1G + D◦β if β ∈ {1X,St} and Dβ = D◦β otherwise. Using the decomposition (3), we
now see that [(D◦β)H ,1H ] equals 1 if β ∈ {St, ξ1, η1, χi, θj }, and 0 otherwise. Since for any
α ∈ Irr(X) we have mα = [D◦α,ρ] = [(D◦α)H ,1H ], we are done.
Next, assume n is odd. By Theorem 5.12 applied to H , [Eα,1H ] equals 1 if α ∈ {1X,St} and 0
otherwise, whence [(Dβ)H ,1H ] = [ω1(1X +St), β]. On the other hand, by Theorem 5.12 applied
to G, Dβ = 1G + D◦β if β ∈ {ξ1, ξ2} and Dβ = D◦β otherwise. Using the decomposition (3), we
now see that [(D◦β)H ,1H ] equals 1 if β ∈ {St, ξ1, η1, χi, θj }, and 0 otherwise, whence we are
again done as above. 
Lemma 5.13 yields the following consequence which is interesting in its own.
Corollary 5.14. Let q = pf , 2|n  8, and G = SOn(q) = SO(W). Let ρ◦, respectively ρ+,
or ρ−, denote the permutation character of the action of G on the set of nonzero vectors in W
of norm λ, where λ = 0, respectively λ is a fixed square in F×q , or λ is a fixed non-square in F×q .
Then
ρ◦ = 1G +D◦1X +D◦St +D◦ξ1 +D◦ξ2 + 2
(q−3)/2∑
i=1
D◦χi ,
ρ+ = 1G +D◦St +D◦ξ1 +D◦η1 +
(q−3)/2∑
i=1
D◦χi +
(q−1)/2∑
i=1
D◦θj ,
ρ− = 1G +D◦St +D◦ξ2 +D◦η2 +
(q−3)/2∑
i=1
D◦χi +
(q−1)/2∑
i=1
D◦θj .
Moreover, the conformal group CO(W) fuses D◦ξ1 with D◦ξ2 , and fuses D◦η1 with D◦η2 .
Proof. The formula for ρ+ is just Lemma 5.13. Also, the first paragraph of the proof of
Lemma 5.13 shows that μ := (ωn)G equals 1G + ρ◦ + q−12 · (ρ+ + ρ−). Furthermore, since
G CO(W) and CO(W) also acts on the point set of W , CO(W) must permute the characters
D◦α , α ∈ Irr(X), and fuses the two characters ρ+ and ρ− (as it acts transitively on the non-singular
vectors in W ). The exact values of a := D◦1X(1), b := D◦St(1), c := D◦χi (1) (the same for all i),
d := D◦θj (1) (the same for all j ), c/2 = D◦ξi (1), and d/2 = D◦ηi (1), are given in [17]. In particular,
a < b are divisible by q , all the other degrees are coprime to q , and c > d . Furthermore, if q > 3,
or if q = 3 and  = −, then d > c/2. On the other hand, if (q, ) = (3,+) then c/2 > d . Thus
all the six degrees listed above are pairwise distinct. Hence CO(W) fixes both D◦ , D◦ and acts1X St
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ρ− = 1G +D◦St +D◦ξk +D◦ηl +
(q−3)/2∑
i=1
D◦χi +
(q−1)/2∑
i=1
D◦θj
for some k, l ∈ {1,2}. By Theorem 5.12, [μ,D◦η1] = (q − 1)/2, and D◦η1 enters q−12 · ρ+ with
multiplicity (q − 1)/2, hence D◦η1 cannot enter ρ−, i.e. l = 2. It remains to show that k = 2.
Assume the contrary: k = 1. Then D◦ξ1 enters q−12 · (ρ+ + ρ−) with multiplicity q − 1, whereas[μ,D◦ξ1 ] = (q + 1)/2 by Theorem 5.12. This implies that q − 1  (q + 1)/2, and so q = 3.
In this case, and under the standing assumption that k = 1, we get ρ◦ = 1G + D◦1X + D◦St +
2 · D◦ξ2 , whence [ρ◦, ρ◦] = 7. Recall that ρ◦ is the permutation character of G acting on the set
of nonzero singular vectors in W . Direct computation now shows that [ρ◦, ρ◦] = 2q − 1 = 5,
a contradiction. 
In fact, Corollary 5.14 also holds for odd-dimensional orthogonal groups.
Corollary 5.15. Let q = pf , 2  |n  7, and G = SOn(q) = SO(W). Let ρ◦, respectively ρ+,
or ρ−, denote the permutation character of the action of G on the set of nonzero vectors in W
of norm λ, where λ = 0, respectively λ is a fixed square in F×q , or λ is a fixed non-square in F×q .
Then
ρ◦ = 1G +D◦1X +D◦St +D◦ξ1 +D◦ξ2 + 2
(q−3)/2∑
i=1
D◦χi ,
ρ+ = 1G +D◦St +D◦ξ1 +D◦η1 +
(q−3)/2∑
i=1
D◦χi +
(q−1)/2∑
i=1
D◦θj ,
ρ− = 1G +D◦St +D◦ξ2 +D◦η2 +
(q−3)/2∑
i=1
D◦χi +
(q−1)/2∑
i=1
D◦θj .
Proof. As in the proof of Corollary 5.14, the formula for ρ+ is just Lemma 5.13, and μ =
(ωn)G = 1G + ρ◦ + q−12 · (ρ+ + ρ−). It is straightforward to check the following:
[
ρ◦, ρ◦
]= 2q − 1, [ρ◦, ρ+]= [ρ◦, ρ−]= q. (5)
By Theorem 5.12 we can write
ρ◦ = 1G + xD◦1X + yD◦St +
2∑
i=1
aiD
◦
ξi
+
2∑
i=1
biD
◦
ηi
+
(q−3)/2∑
i=1
ciD
◦
χi
+
(q−1)/2∑
j=1
djD
◦
θj
for some non-negative integers x, y, ai, bi, ci, di . Then b1 = 0 as [μ − q−12 · ρ+,D◦η1] = 0. De-
noting s = (q − 1)/2, we have
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s
D◦1X +
(
1 + 1 − y
s
)
D◦St +
1 − a1
s
D◦ξ1 +
(
1 + 1 − a2
s
)
D◦ξ2
+
(
1 − b2
s
)
D◦η2 +
(q−3)/2∑
i=1
(
1 + 2 − ci
s
)
D◦χi +
(q−1)/2∑
i=1
(
1 − dj
s
)
D◦θj .
Consider the case q > 3, whence s  2. Since (1 − x)/s is an integer and 0  x  1, we
must have x = 1. Similarly, a1 = 1. Next, (1 − y)/s ∈ Z, so y = 1 or (q + 1)/2. In the latter
case, [ρ◦, ρ◦] 1 + ((q + 1)/2)2 > 2q − 1, violating (5). Thus y = 1, and similarly a2 = 1. The
condition dj /s, b2/s ∈ Z implies dj , b2 = 0 or s. Assume that dj = s for some j . Then by (5)
2q − 1 = [ρ◦, ρ◦] 5 + b22 +
∑
i
c2i +
∑
k =j
d2k +
(
(q − 1)/2)2,
whence q = 5 and b2 = ci = dk = 0 for k = j . But in this case [ρ◦, ρ−] = 3 < q , contradict-
ing (5). Similarly, if b2 = s, then q = 5 and ci = dj = 0, in which case [ρ◦, ρ+] = 3 < q ,
violating (5). We have shown that b2 = dj = 0 for all j . Now (5) implies that ∑s−1i=1 ci = 2(s−1)
and
∑s−1
i=1 c2i = 4(s − 1). It follows that
∑s−1
i=1(ci − 2)2 = 0 and so ci = 2 for all i, as stated.
Now we assume that q = 3. In particular, the D◦χi do not appear in the above decompositions,
and (5) yield
5 = [ρ◦, ρ◦]= 1 + x2 + y2 + a21 + a22 + b22 + d21 , 3 = [ρ◦, ρ+]= 1 + y + a1 + b2.
Next, since 0  x, a1, b2, d1  1, we have 3 = [ρ◦, ρ−] = 1 + y(2 − y) + a2(2 − a2). As 0 
y(2 − y), a2(2 − a2)  1, it follows that y = a2 = 1, and b2 = 1 − x, d1 = 1 − a1. It is also
known that ρ◦(1) = qn−1 − 1. Putting in this equality the degrees of D◦α for all α ∈ Irr(X),
we get ((1 − x) + (1 − a1)) · (3(n−1)/2ν − 1) = 0 for some ν = ±1, whence x = a1 = 1 and
b2 = d1 = 0, as stated. 
Lemmas 5.9, 5.13 and Corollaries 5.14, 5.15 give explicit character decompositions for some
multiplicity-free permutation representations of finite classical groups discovered previously
in [11].
Proposition 5.16. Let S = PΩn(q) with q = pf and 2  |n 7. Then IrrQ(S) has a subset X of
cardinality 1 that satisfies () for (Q,p).
Proof. Recall we have chosen γ = 1 in this case. Consider a new basis (u1, . . . , un) of W , with
respect to which the Gram matrix is
(( 0 1
1 0
)
, . . . ,
( 0 1
1 0
)
, (−1)(n−1)/2). Using this basis we can de-
fine the action of the field automorphism σ of order f of G = SO(W) by raising each entry of the
matrix of any group element to its pth power. Clearly, K = StabG(u1) is σ -invariant. It follows
that the permutation character ρ◦ = (1K)G extends to the permutation character ρ1 = (1K1)A,
where A = 〈G,σ 〉 and K1 = 〈K,σ 〉. By [26, Theorem 6.1], (D◦1X)S is the unique irreducible
character of S = Ωn(q) of degree (qn−1 −1)/(q2 −1); in particular, it is rational and A-invariant.
Furthermore, Theorem 5.12 and Corollary 5.15 imply that this character enters ρ1 with multiplic-
ity one. Applying Lemma 5.1 to ρ1, we conclude that (D◦1X)S extends to a Q-valued character χ
of A. Since A 	 Aut(S), we can choose X = {(D◦ )S}. 1X
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G˜ = GO(W). Let J be the diagonal n× n-matrix diag(1, . . . ,1, γ (p−1)/2), and let σ be the map
that raises every entry of any n× n-matrix Y over Fq to its pth power. Define the map σ˜ : Y →
JYσ J−1. Then observe that σ˜ acts on the group G˜ (with group elements represented by matrices
in the basis (v1, . . . , vn)), and it preserves the subgroups G = SO(W) and H = StabG(v1) 	
SOn−1(q). Also, σ˜ f : Y → J ′Y(J ′)−1, where J ′ = J (q−1)/(p−1) = diag(1, . . . ,1, γ (q−1)/2) ∈
G˜ as γ (q−1)/2 = ±1. Thus G1 = 〈G˜, σ˜ 〉 	 G˜ ·Cf .
Proposition 5.17. Let S = PΩn(q) with q = pf , 2|n 8, and (n, ) = (8,+). Then IrrQ(S) has
a subset X of cardinality 2 that satisfies () for (Q,p).
Proof. We consider the permutation character ρ = (1H )G of Lemma 5.13. The discussion
above implies that ρ extends to the permutation character ρ1 = (1H1)G1 of G1, where H1 =
〈Stab
G˜
(v1), σ˜ 〉. Consider the character D◦β for β ∈ {ξ1, η1}. Then Lemma 5.13 and the proof of
Corollary 5.14 show that D◦β enters ρ with multiplicity one, and moreover, ρ has exactly one
irreducible constituent of degree D◦β(1). These two facts also imply that Q(D◦β) = Q since ρ is
rational. Hence, by Lemma 5.1, D◦β extends to a rational character χ of G1.
Now, there is exactly one β ∈ {ξ1, η1} that has odd degree. We may view the central involu-
tion t of Γ = Sp(V ) as coming from the central involution of X = Sp(U). Since β(1) is odd,
β(t) = β(1), and so t acts trivially on the homogeneous component β ⊗ Dβ of (ωn)X×G. But
the image of the central involution z of G in Γ is t , so z must act trivially on D◦β . Thus D◦β may
be viewed as an irreducible character of G/〈z〉 	 PSOn(q), and this character is also irreducible
over S by Theorem 5.12. Furthermore, by Corollary 5.14, CO(W) fuses D◦β with the charac-
ter D◦β∗ , where β∗ = η2 if β = η1, and β∗ = ξ2 if β = ξ1. By our assumption (n, ) = (8,+),
and so |Out(S)| = (4, qn − ).2f . One can now check that G1/〈z〉 induces a subgroup of in-
dex 2 in Out(S). We have shown above that D◦β extends to G1 and CO(W) fuses D◦β with D◦β∗ .
It follows that the inertia group of (D◦β)S is exactly G1/〈z〉. Consequently, we may choose
X = {(D◦β)S, (D◦β∗)S}. 
Proof of Theorem 3.3. It follows from Theorem 4.2 when p = 2, and Lemma 4.1, Examples 5.2,
5.3, and Propositions 5.5, 5.10, 5.11, 5.16, and 5.17 when p > 2. 
6. One more solvability result
With some extra effort, we show now that a finite group having all its non-linear irreducible
rational characters of degree divisible by p = 3, is also solvable.
Proposition 6.1. Let S = PSp2n(q) with q = pf and p = 3. Then IrrQ(S) contains a subset X
of cardinality 1 that satisfies () for (Q,p).
Proof. By virtue of Example 5.3(b) we need to consider only the case f is odd. Fix a primitive
cubic root of unity ω ∈ C, a generator  of F×q , and a non-degenerate symplectic form (·,·) on
V = F2nq (with Gram matrix J =
( 0 In
−In 0
)
, relative to some basis (e1, . . . , en, f1, . . . , fn) of V ).
Set L = Sp(V ) 	 Sp2n(q). Let σ be the field automorphism of order f , obtained by raising each
matrix entry of g ∈ L to its pth power.
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character χ of G = GL(V )
χ(g) = 1
q − 1
q−2∑
j=0
ωjq
dimFq Ker(g−j ) (6)
of degree (q2n − 1)/(q − 1). It is known, cf. [25], that χL is irreducible. In fact, G contains the
conformal symplectic group H = CSp(V ) consisting of all elements g ∈ G that change (·,·) by
a scalar τ(g) ∈ F×q . Let
M = {g ∈ H | τ(g) ∈ 〈3〉}.
Then it is straightforward to check that Z(M) = 〈3 ·I2n〉 is contained in Ker(χ) and M/Z(M) 	
H/Z(H) = PC Sp2n(q) 	 S · 2.
Claim that χM is rational. Indeed, consider any g ∈ M , i.e. τ(g) = 3k for some k ∈ Z. If A
denotes the matrix of g relative to the basis (e1, . . . , en, f1, . . . , fn) of V , then tAJA = τ(g)J ,
whence tA = τ(g)JA−1J−1. Observe that tA and A have the same eigenvalues (in Fq ),
with the same multiplicities. Thus the map μ :λ → 3kλ−1 is an involutory, multiplicity-
preserving map on the set of all eigenvalues of g. Now in the summation (6), if 3|j then
ωjq
dimFq Ker(g−j ) ∈ Z. On the other hand, if λ = j with j coprime to 3, then μ(λ) =
3k−j = λ, and dimFq Ker(g − j ) = dimFq Ker(g − 3s−j ) = d for some d ∈ Z, whence
ωjq
dimFq Ker(g−j ) +ω3k−j qdimFq Ker(g−3k−j ) = −qd ∈ Z.
Note that Aut(S) 	 〈M/Z(M),σ 〉. Now if g ∈ M and j is an eigenvalue of multiplicity dj
for g, then σ(g) has eigenvalue pj with the same multiplicity dj , and moreover ωj = ωpj as
3|(p − 1). It follows that χ(σ(g)) = χ(g). We have shown that χM is a σ -invariant rational
irreducible character of M/Z(M). By Theorem 2.1, it extends to a rational irreducible character
of Aut(S). Thus we can choose X = {χS}.
(b) Now assume that 3|(p + 1), whence 3|(q + 1). Choose a generator α of F×
q2
(such that
 = αq+1), and define the Hermitian form ◦ on V˜ = V ⊗Fq Fq2 by setting u ◦ v = α(q+1)/2(u, v)
for u,v ∈ V . This yields an embedding of L = Sp(V ) in G˜ = GU(V˜ ) 	 GU2n(q). Consider the
following (irreducible Weil) character ζ of G˜ of degree (q2n − 1)/(q + 1), where
ζ(g) = 1
q + 1
q∑
j=0
ωjq
dimF
q2
Ker(g−θj )
, (7)
where θ = αq−1. Now observe that the element X = diag(α3In,α−3qIn) belongs to G˜ and
normalizes L. Define N = 〈L,X〉. Then it is straightforward to check that X(q+1)/3 ∈ L,
Z(N) = 〈Xq−1〉Ker(ζ ), and N/Z(N) 	 H/Z(H) = PC Sp2n(q) 	 S · 2.
Claim that ζN is rational. Indeed, consider any g ∈ N , i.e. g = Xkh for some k ∈ Z and h ∈ L.
Observe that X = α−3qY , where Y = diag(3In, In) ∈ C Sp(V ) and τ(Y ) = 3. It follows that X
changes the form (·,·) (extended to V˜ ) by the scalar α−6q3 = θ−3 and so tAJA = θ−3kJ , where
A denotes the matrix of g relative to the basis (e1, . . . , en, f1, . . . , fn) of V . As above, we see that
the map ν :λ → θ−3kλ−1 is an involutory, multiplicity-preserving map on the set of all eigenval-
ues of g. Now in the summation (7), if 3|j then ωjqdimFq2 Ker(g−θ
j ) ∈ Z. On the other hand, if
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q2
Ker(g− θj ) = dimF
q2
Ker(g−
θ3s−j ) = d for some d ∈ Z, whence ωjqdimFq2 Ker(g−θ
j ) +ω3k−j qdimFq2 Ker(g−θ
3k−j ) = −qd ∈ Z.
Note that Aut(S) 	 〈N/Z(N),σ 〉. In fact, σ also acts naturally on G˜. Now if g ∈ N and θj is
an eigenvalue of multiplicity dj for g, then σ(g) has eigenvalue θpj with the same multiplicity
dj , and moreover ωj = ω−pj as 3|(p + 1). It follows that χ(σ(g)) = χ(g) = χ(g). We have
shown that χN is a σ -invariant rational irreducible character of N/Z(N). Again by Theorem 2.1,
it extends to a rational irreducible character of Aut(S), and so we choose X = {ζS}. 
Theorem 6.2. Let p = 3 be any prime and let S be any finite non-abelian simple group. Then
there exists an Aut(S)-orbit X which satisfies () for (Qp,p).
Proof. It follows from Theorem 4.2 when p = 2, and from Lemma 4.1, Examples 5.2, 5.3, and
Propositions 5.5, 5.10, 5.11, 5.16, 5.17, and 6.1 when p > 3. 
Theorem 6.3. Let p = 3 be any prime and let G be any finite group. Assume that the degree of
any χ ∈ IrrQ(G) is one or divisible by p. Then G is solvable.
Proof. Repeat the proof of Corollary 3.4 and use Theorem 6.2 instead of Theorem 3.3. 
The example of PSL2(27) shows that Theorem 6.3 fails for p = 3. Also, Theorem C fails if
one replaces Qp by Q: consider PSL2(27) for p = 3, and the dihedral group D2p for p  5. In
fact, Theorem C also may fail if one replaces Qp by any subfield of R (consider the Frobenius
group of order 21 and p = 7).
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